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Abstract. We establish the uniqueness of the higher radial bound state solutions of 
(P) Au + f{u)^0, xgR". 

We assume that the nonlinearity / G C(— 00,00) is an odd function satisfying some con- 
' vexity and growth conditions, and either has one zero at 6 > 0, is non positive and not 

^SJ , identically in (0,6), and is differentiable and positive [6,00), or is positive and differen- 

tiable in [0, 00). 
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In this paper we establish the uniqueness of higher bound state solutions to 
(P) Au + f{u) = 0, xGM", 

^ ! in the radial situation. That is, we give conditions on f under which 



u"{r) H u{r) + /(n) =0, r > 0, n > 2, 



r 



u'{0) = 0, lim n(r) = 0, 



(1) 



, has exactly two solutions, one with u(0) > and one with with u(0) < 0, having a prescribed 

I ' number of zeros. 

Any nonconstant solution to ([T]) is called a bound state solution. Bound state solutions 
such that u{r) > for all r > 0, are referred to as a first bound state solution, or a 
^ ' ground state solution. The uniqueness of the first bound state solution of ([1]) or for the 

^ . quasilinear situation involving the m-Laplacian operator V- (| Vu|'^~^Vu), m > 1, has been 

exhaustively studied during the last thirty years, see for example the works |Ch-L| . |C1| . 
|(]EFlj . |(]EF2j . [FLS] . [K], [McL], [McLS], [EHI], [P^ . [RiS] . [ST] , 

We will assume that the function / : M — )• M is continuous, and that / satisfies (/i)-(/2), 
where 

(/i) / is odd, /(O) = 0, and there exist /3 > 6 > such that f{s) > for s > 6, f{s) < 0, 

/(s) ^ for s G [0, b]B F{f3) = 0, where F{s) := f{t)dt. 
(72) / is continuous in [0,oo), continuously differentiable in (0, 00) and /' G L^{^, !)■ 

Our first result deals with the uniqueness of the A:-th bound state in space dimension 
1 < n < 4: 



This research was supported by FONDECYT- 1070944 for the first author, and FONDECYT-I070951 
and FONDECYT-1070I25 for the second and third author. 

"'^The oddness of / is not essential, this assumption can be relaxed to a sign condition: /(O) = 0, and 
there exist &+ > > 6" such that f{u) > for u > f{u) < for u < 6~, and f{u) < 0, /(u) ^ 0, for 
u e (0, b+) and f{u) > 0, f{u) ^ 0, for e (&" , 0) 
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Theorem 1.1. Let 1 < n < 4, A: E N, and assume that f satisfies (/i)-(/2)- If in addition 
f satisfies 

/ P\f 77—2 

ifi) (y) (s) > for all s > (3, 

then problem ([1]) has at most one solution satisfying u(0) > which has exactly k — 1 sign 
changes in (0, oo). 

Our second result is a strong improvement of the one in |CGHY| : 

Theorem 1.2. Assume that f satisfies (/i)-(/2)- If f satisfies 
(/3) f{s) > f'is){s - p), for all s > f3, and 

(/4) (y) (s) > for all s > (3, 

then problem ([T|) has at most one solution satisfying u{0) > which has exactly one sign 
change in (0,oo). The same conclusion holds if instead of [f^)-{f4), f satisfies 
sf'(s) 

(/s) ^ decreases for all s > f3, and 

This work can be seen as a natural continuation of |CGHYj . where we established unique- 
ness of the second bound state solution in the superlinear case. 

To the best of our knowledge, there is only one work (besides |CGHYj ) concerning the 
uniqueness of higher bound states: Troy, see [H Theorems 1.1, Theorem 1.3] studied the 
existence and uniqueness of the solution to ([T]) having exactly one sign change in dimension 
n = 3 for 

's + 1, s<-l/2, 
/(s)=|-s, (-1/2, 1/2), 

s-l, s>l/2. 
Note that in this case b = 1, (3 = 1 + V2/2, and for s > (3, 

{s-f3)f'is) = s-l-^<s-l. 



Hence all assumptions (/i)-(/3) are satisfied. Moreover, also (f!^) is satisfied, since for s > /3, 
fF\i ,1 1 1 n - 2 

(/)<■'>= 2 + 4(7rTpS 2 = — „=3 foralU>/!. 

Hence, according to our Theorem I l.H in this case problem ([T]) has at most one solution with 
exactly k zeros in (0, oo) for any A; G N. Other typical example of a function / satisfying 
the assumptions of Theorem 11.11 is 

f{s)=sP-s\ p>q>0, 

with no other restriction if n = 2, and + q'^ < 1 when n = 3. 

We also deal with the Dirichlet problem in a given ball. In this case we establish non 
uniqueness of solutions for some / satisfying (/i)-(/3) (see section [5]) and we are led to 
study the situation in the case that 6 = 0, that is, / is positive in (0,oo). More precisely, 
we assume 

(/{) /(O) = 0, and sf{s) > for s > 0, 
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(72) / is continuous in [0,oo), continuously differentiable in (0, 00) and /' G L^{0, 1), 
(/a) /(s) > sf'{s), for all s > 0, and for any e > there exists s £ (0,e) such that 
fis) > sfis). 

We have imposed the second part in (/g) to avoid / linear, for in this case we obviously do 
not have uniqueness. 

On the other hand, it can be shown, see section [U that under these assumptions there do 
not exist nontrivial bound states, hence for a given p > 0, we study the Dirichlet problem 

71/ — 1 

""(0 + ^—u'ir) + /(n) =0, re (0, p), n > 2, 
n'(0) = 0, u{p) = 0, 

and prove the following result: 

Theorem 1.3. Assume that f satisfies if[)-if^), and let k £ N. Then problem ([2]) has at 
most one solution satisfying u(0) > which has exactly k zeros in {0,p). 

The existence of sign changing bound state solutions of ([T]) has been established by 
Coffman in [C2] and Mc Leod, Troy and Weissler in [McLTWj . where / : M R is 
locally Lipschitz continuous and satisfies appropriate sign conditions and is of subcritical 
growth. Their proof uses shooting techniques and a scaling argument. Here we also establish 
existence by adapting some results in |FLS] . In [McLTW] the function / is assumed to satisfy 
(besides (/i) and (/2)) 

f{u) = C\u\P-^u + g{u), u>0, 

n + 2 

where C is a positive constant, g(u) = oiu^) as n — ?• 00, and 1 < p < , i.e., it is 

n — 2 

superlinear and subcritical. They also establish existence for the Dirichlet problem in a 
ball. 

Finally we describe our approach. In order to prove our results, and due to the oddness 
of /, we will study the behavior of the solutions to the initial value problem 

n — 1 

u"{r) + u'(r) + f{u) = r > 0, n > 2, 

r (3) 

n(0) = a u'{0) = 

for a G (0,00). As usual, we will denote by u{r,a) a solution of ([3]). 

Our theorems will follow after a series of comparison results between two solutions to ([3]) 
with initial value in some small neighborhood of a*, where u{-,a*) is a k-th. bound state, 
that is, u{r,a*) is a solution to ([3]) which has exactly k — 1 sign changes in (0, 00) and 
lim u{r,a*) = 0. We will show, (see Proposition 12.21 and Lemma l4.ip . that there exists 

r— ^-oo 

a neighborhood V of a* such that any solution to ^ with a £ V has k extremal points 
in some closed interval [0, A], A > 0, having extremal values \E\ > (3. In Section [3] we 
follow the ideas of Coffman, see |Clj . and use the function (p{r,a) = -§^u{r,a) to study the 
behavior of the solutions between two consecutive extremal points. In Section |4] we prove 
Theorem 11.11 through a careful analysis of the behavior of two solutions ui{r) = u(r, ai), 
'a2ij') = u{r,a2) for ai, 02 in a small neighborhood of a*. The main tool we use is the 
functional 
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where H{s) is chosen appropriately so that 



Q'{s,a) = ^{s,a) = (2{n - 2) - a( ^)\s)'^ "^"'"^ 



9s ' V \ f J J r'{s, a) ' 

and the functional W defined by 

Wis, a) = r(s, a) V(n'(r(s, a), a))2 + 2F{s), s £ [Um (a), a], 

introduced in [FLSj . Here r(s, a) denotes the inverse of u between two consecutive extremal 
points. In view of hypothesis {fl^), the functional Q allows us to prove some key comparison 
results concerning the solutions ui and U2 between their i — 1-th and i-th extremal points, 
for any i = 1, k — 1. 

Section 14.21 is devoted to the proof of Theorem II. 2| where we use ideas of Pucci, Serrin 
and Tang in [PuSj IST] to study the behavior of the solutions in the interval [tJi, —/3] before 
the minimum. We do so by considering the celebrated functional introduced first by Erbe 
and Tang in pT] : 

7 r'{s,a) (r'(s,a))2 
and the modified functional W defined by 



P{s,a) = -2n-{s)-jj^ - ,^,^^2 " '^r%s,a)F{s), s + b, 



W{s, a) = r"-i(s, a)V(n'(r(s,a),a))2 + 2F(s), s G [C/(q), a] 

where r{s,a) denotes the inverse of u before the first minimum point. 

Finally in section 5 we treat the Dirichlet problem and sketch the proof of Theorem 11.31 

2. Preliminaries 

The aim of this section is to establish several properties of the solutions to the initial 
value problem ([3]). 
The functional 

/(r, a) = {u'{r, a))^ + 2F(n(r, a)) (4) 
will play a fundamental role. A simple calculation yields 

I'{r,a) = -^^^{u'ir)f, (5) 

and therefore, as n > 2, we have that / is decreasing in r. It can be seen that for a £ {b, oo), 
one has u(r, a) > and u'{r, a) < for r small enough, and thus we can define the extended 
real number 

Z\(a) := sup{r > | n(s,a) > and u'(s,a) < for all s G (0,r)}. 
Following [EiST], (PeS2] we set 

M\ = {a > : u{Zi{a),a)=0 and n'(Zi(a), q) < 0} 
Gi = {a > : u{Zi{a),a)=0 and n'(Zi(a), a) = 0} 
Vi = {a > : u{Zi{a),a) > 0}. 

As in [CEFlj . the sets TVi and Vi are open intervals, and moreover, if A/i 7^ 0, then 
A/i = (a, 00) for some a > 0. If our problems have a solution, then A/i 7^ 0. Let 

= {a G TVi : u'{r, a) < for ah r > Zi{a)}. 
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For a J-2 we define 

Ti(a) := mf{r > Zi{a) : u'{r, a) = 0}, Ui{a) = u{Ti{a),a), 

and if a G J-2, we set Ti(a) = oo. Also, for a G A/i \ J-2 we can define the extended real 
number 

^2(0) := sup{r > Ti(a) | u{s,a) < and u'{s,a) > for all s £ (ri(Q),r)}, 
and set 1/2(0) := u{Z2{a),a) = lim u{r,a). 

r-t^2(a) 

Let now 

-F2 = {a G AAi \ : 14(^2(0), «) < 0}, 

7V2 = {q;GA/'i\-F2 : u{Z2{a),a)=0 and ^'(^2(0), a) > 0}, 
^2 = {a G A/i \ J-2 : ti(Z2(a), ") = and u'(Z2(a), a) = 0}, 

7^2 = -^2UJ2. 

For k > 3, and if A/fc-i / 0, we set 

Tk = {ae JVk-1 : (r, a) < for all r > Zk-i{a)}. 

For a J-fc, we set 

7fc-i(a) := inf{r > Zfc„i(a) : M'(r,a)=0}, C/fc_i(a) = ti(Tfc_i(a), a), 

and if a G J-^, we set Tfc_i(a) = 00. Next, for a G A/^-i \ -^fci we define the extended real 
number 

Zfc(a) :=sup{r > Tk-iia) \ (-l)^u(s,a) < and {-l)''u'{s,a) > 

for ah s G {Tk^i{a),r)}, 
we set Uk{a) := ii(Zyfc(a),a) = lim u(r, a). Finally we set 

rt^fc(a) 

J-fc = {aGA4-i\-Ffc : (-l)^n(Zfc(a), a) < 0}, 

A/'fc = {a €Mk^i\Tk : u{Zk{a),a) =0 and (-l)^u'(Zfc(a), a) > 0}, 

^fc = {aGA4_i\J"fc : n(Zfc(a),a)=0 and ii'(Zfe(Q;), a) = 0}, 
Vk = WTk. 
Concerning the sets Mk and Vk we have: 

Proposition 2.1. T/ie sets Mk and Vk are open. 

Proof. The proof that Mk is open is by continuity and follows as in |CEF2| with obvious 
modifications, so we omit it. 

The proof that Vk is open is based in the fact that the functional / defined in ([4]) is 
decreasing in r, and a G Pfc if and only if a G A4-i and I{ri,a) < for some ri G 
(0,rfc_i(a)). 

Let a £ Vk and assume first that Zk{a) = 00. We claim that 

lim u{r,a) = —b, lim u'{r,a) = 0. 

Since u{-,a) is monotone ( for all r > Zk-i if a G J^fc or in {Tk^i{a),oo) if a G J-'k), there 
exists L such that limr^oo u{r, a) = L. Furthermore, since /(•, a) is decreasing and bounded 
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and F(s) — )• oo as s — )■ ±00, we have that L is finite and liuir^oou'ifTCt) = 0. Moreover, 
from the equation and applying L'Hopital's rule twice, we conclude that 

0= lim"(^'"j-'-=lim^""'"^^^'"^=-M, 

Thus, L = — 6 as we claimed, implying that 

lim I{r,a) =2F{-b) <0. 

Assume next ^fc(a) < 00 and hence a £ J-^- Then Tfc_i(a) is a either a maximum point or 
a minimum point of n(-,a) implying that either 

< -u"{n^i{a),a) = f{u{n-i{a),a)) 

and thus —b < u(rfc_i(a),a) < or 

and thus < u{Tk~i{a), a) < b, {u{Tk-i{a) , a) / ±5 from the uniqueness of the solutions 
and since u{0,a) = a)). Hence 

I{Tk^i{a),a) = 2F{u{Tk^i{a),a)) < 0. 

Conversely, ii a ^ Vk and a € Mk-i, then a G U Mk, and thus the claim follows from 
the fact that I{r,a) > I{Zk{a), a) > for all r G (0,Zfc(a)). Hence the openness of Vk 
follows from the continuous dependence of solutions to ([3]) in the initial value a and from 
the openness of Afc-i- D 

Finally in this section we establish the existence of a neighborhood of a* so that solutions 
with initial value in this interval cannot be decreasing for all r > 0. 

Proposition 2.2. Let a* G Qk, k>2. Then there exists 5q > such that [a*— 60, a* +60) C 

A/fc-l \ ^k- 

Proof. Since a* G Qk, there exists r > Tk-i{a*) such that (— l)^u'(r, a*) > 0. By continuity, 
there exists (5o > such that 

(-l)^M'(r, a) > for all a G (a* - 60, a* + 5o), 



implying that 
and thus 



Tk-i{a) < T for all a G (a* — 60, a* + Sq), 
{a* -60, a* + So) C A4-1 \-^fc. 



□ 

3. Behavior of the function ip{r, a) = -§^u{r, a) 

We will study the behavior of the solutions to the initial value problem ([3]). To this end, 
a* G Qk is fixed and a G (a* — (5o, a* + 5q), where (5o > is given in Proposition 12. 2i 

Under assumptions (/i) and (/2), the functions ii(r, a) and u'(r, a) = §p(r, a) are of class 
in (0,00) X (5,00). We set 

du I d 

,.{r,a) = -{r,a), = -. 



UNIQUENESS OF SIGN CHANGING SOLUTIONS 7 

Then, for any r > such that u{r) ^ 0, if satisfies the linear differential equation 

71 — 1 

V^"{r) + ip'{r) + f'{u)^ = 0, n>2, 

r (6) 

V9(0,q) = 1 v3'(0,q)=0. 

Set 

u{r)=u{r,a), Lp{r) = ip{r,a). 

Proposition 3.1. Let f satisfy (/i)-(/2)- Then (i) between two consecutive zeros ri < r2 
of u' there is at least one zero r* G (ri,r2) of if. (ii) Furthermore, if a £ Qk, then ip has at 
least one zero in (Tfc„i(a), 

Proof. Let ri < r2 be two consecutive finite zeros of u' (hence u has at most one zero 
in (r-i,r2)) and assume by contradiction that ip{r) does not change sign in (ri,r2). Since 
u G C^(0, oo) and ip G C^(0, oo), by differentiating the equation in ([1]) we obtain that v = u' 
and if satisfy 

v"+'^v'+(f'{u)-'^)v = Q, (7) 



and 

/' + ^V^' + /'(n)(^ = 0, (8) 
r 

for all r such that n(r) ^ 0. Hence multiplying ([7]) by r"~^(^ and ([8]) by r^~^v and 
substracting, we obtain 



(i;V - = - l)r"-'^?;9?. (9) 



Assume first that ^,99 > in (ri,r2). Integrating ([9]) over (ri,r2) we find that 

r^~^t;'(r2)99(r2) > r^~^z;'(ri)99(ri), 

a contradiction with the fact that from our choice of the sign for -y, it must be that v'ij'i) < 
and v'{ri) > 0. (If u{f) = for some f G (ri,r2), we integrate ^ over (ri,f — e) and over 
(f+e, r2), use the continuity of v, v' , p and 93', and then let e — )• to obtain a contradiction). 
Hence ip must have a first zero in (ri,r2). If either v or p are negative in (ri,r2) the proof 
follows with obvious modifications. 

Let now a G Gk- If Zk{a) < 00, the claim follows from (i). If Zk{a) = 00, assume by 
contradiction that (p does not change sign in {T^-i^a) , 00) . We may assume without loss 
of generality that u'(r) > and p{r) > for all r G (Tfc_i(a), 00). From u'{r) > for all 
r G (Tfc_i(a), 00), and u{r) — )• as r — )• 00, we find that there exists rg > Tfc„i(a) such that 
—b<u{r) < for all r G (ro,oo) implying 

(r^-i-u')' = -r"-V(u) < 0. 

Thus r^~^u' decreases in (ro,oo) implying that 

lim r"-^u'(r) = L G [0,oo). (10) 



From the equation we find that 



72 — 1 

u"{r) = n'(r) — f{u{r)) < for all r G (ro,oo), 
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and thus v' = u" < for all r £ (ro,oo). On the other hand, integrating Q over 
(Tk-i{a),r), for r G (ro,oo), we find that 

+(n-l) [ e-'^v{t)^{t)dt 

l-ro 

> (n - 1) / e-^v{t)ip{t)dt = Co > 

JTk-i(a) 

for some positive constant cq. Hence, 

> r"-~^v'{r)ip{r) > r"-~^v{r)ip' (r) + cq, 

which from (jlOp implies that (/^'(j') < — Co/(r"'~^t;) < — c for some positive constant c and 
therefore 

{p(r) < (p{rQ) — c{r — ro) — )■ — oo as r — )• oo, 
a contradiction. □ 

Proposition 3.2. Let f satisfy (/i)-(/3). Then if is strictly positive in (0, r(/3,a)). 

Proof. Multiplying the equation in ([6|) by r"'~^(n — /3) and integrating by parts over (0, r), 
r < r(/3, a), we have that 

/•r rr 

- r''-^u'{r)ip'{r)dr + f'{u{r))ip{r){u{r) - f3)r''-^dr = 0, 
Jo Jo 

and a second integration by parts yields 

'f'iumu{t) - /3) - f{uit)))^it)t^~'dt = r^-\u'{rMr) - <^'(r)(n(r) - /3)). (11) 



Using now that from (/s), f'{u[r)){u{r) — (3) — f[u{r)) < for r G (0, r(/3, a)), we have that 
if </?(r) = for some r G (0,r(/3,a)), then — (^'(r)(n(r) — /?) < 0, which is a contradiction 
since ^'{r) < at such point. □ 

Our next result is an improvement of [CGHYl Lemma 3.1], where we proved it under an 
additional superlinear growth assumption on /. 

Proposition 3.3. Let f satisfy (/i)-(/2) and {fij-if^)- If the first zero z > of (p occurs 
in (0, r(/3, a)], then {p{r) < for r G {z, r{h, a)) and ip'{r{h, a)) < 0. 

Proof. The proof follows step by step the ideas in |CGHY| . Let the first zero z > oi if 
occur in (0, r(/3,a)], set Uz ■= u{z) and assume Uz > /3. We will show that 

Uzf'jUz 
f{Uz) 

If not, then by (/s) we have that 



> 1. 



fys) f{s) 

and we can argue as in the proof of Proposition 13.21 (with (3 replaced by Uz) to obtain the 
contradiction 

[f'{umu{t) - Uz) - f{u{t))y{t)e-Ut = r''-\u'{r)^{r) - /(r)(n(z) - Uz)) = 0. 
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We conclude that there exists c > such that 

Uzf'jUz) _ 2 

fm 

Moreover, from {f^yife), it must be that c > n — 2. Then, since by (/s), the function 

u{r)f'{u{r)) 

r c — , , c - 2 

fHr)) 

is increasing in (0, r(6, a)), we have that 

u {r)f'{u{r )) 
/KO) 

is non positive in (0,2;) and nonnegative in {z,r{b,a)). 



/ 1 

(r) := f{u{r))[c- 



Let us set v{r) = ru'{r) + cu{r). Then v satisfies 

77 — 1 

v" + v' + f{u{r))v = 0(r), 

r 

and, as long as '^{r) does not change sign in {z,r), with r G (z,r(6, a)), we have 

Jo Jo 

= r''-\ip{r)v'ir)-ip'{r)v{r)), (12) 

and therefore 

ip{r)v'{r) - ip'{r)v{r) < 0, (13) 

implying in particular that v{z) < 0. On the other hand, using that c > n — 2 we have that 

v'{r) = ru"{r) + (c + l)u'(r) < ru"{r) + (n - l)u'{r) = -rf{u{r)) < 

for all r G (0, r(6, a)). Now we can prove that z is the only zero of (p in (0, r(6, a)). Indeed, if 
(p has a second zero at zi € r(6, a)), then from (113p . it must be that v{zi) > 0, contradicting 
v'{r) < in (0,r(6, a)). Hence (f has exactly one zero in (0, r(6, a)]. 
Finally, evaluating (llSp at r = r(6, a), we find that 

99(r(6, a))f'(r(6, a)) — (/?'(r(6, Q;))t'(r(6, a)) < 0, 

implying {p'{r(b,a)) < 0. □ 

4. Uniqueness of bound states 

Assume that a* £ G^- The following result deals with the existence of a neighborhood V 
of a* such that any solution to ([3]) with a £ V has its minimum values satisfying U < — /3 
and its maximum values satisfying U > (3. 

We observe that u(-,a) is invertible in each interval (rj_i(a), rj(a)), ro(a) = 0, i = 
1, 2, . . . , A; — 1, and we denote by r(-, a) its inverse at the intervals where u decreases and 
by f(-, a) its inverse at intervals where u increases. 

Lemma 4.1. Let f satisfy (/i)-(/2), and let a* G Gk- Then, there exist a > and 6i > 0, 
such that for any a G {a* — 6i,a* +6i), u{-,a) has exactly k extremal points in [0,Tfc_i(a*) + 
a\. The extremal values E ofu{-,a) satisfy E < —f3 if E is a minimum value, while E > j3 
if E a maximum value. Moreover, if ai < 02 are two values in {a* — Si,a* + 5i), then 
(i) the corresponding solutions ui and U2 intersect between any two of their consecutive 
extremal points, and 
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(ii) there exists an intersection point in [Tk-i{a*), Zk{a*)) . 

Proof. Let 5o be given as in Proposition 12. 2i The assumption a* € Qk implies that the 
functional defined in satisfies 

I{Zk{a*),a*) = 0, 

and thus /(r, a*) > for all r G (0, Zk{a*)). In particular, for any i = 1,2, . . . ,k — 1, we 
have 

2F{u{T,{a*), a*)) = /(T,(a*), q*) > 0, 

implying that \u{Ti{a*),a*)\ > (3. Hence, from the continuity of u and Tj(a) for a G 
(a* — Jo, a* + 5o), we conclude that there exists di < Sq such that the first assertion of the 
lemma holds. 

From Proposition 13.11 for each i = 1,2, . . . ,k — 1, there exists r* G (Tj_i(a*), Tj(a*)) 
such that {p{r*,a*) = 0. Hence without loss of generality we may assume that there exist 
r^ < r* < r+ such that ip{r^,a*) < < (p{r~,a*). By continuity, there exists 6i G (0,5i) 
such that ip{r~ , a) > and {p{r~^,a) < for all a G (a* — 62, ct* + 52)- Since 

u{r,a2) — u{r,ai) = / ip{r,a)da, 

J ai 

which is positive at r = r~ and negative at r = r'^, and thus (i) is proved, (ii) follows in 
the same way. 

□ 

4.1. Proof of Theorem [mi 

We recall that in Theorem II. 1) 2 < ?i < 4. Let m < M be such that r(s,a) is defined 
and decreasing in [m,M]. For s G [m, M] we set 

^/ N .F , ,r(s,a) r^(s,a) 9, . 

Q{s, a) = -4-{s)^j^ - ; - 2r^{s, a)F{s) + H{s), 

with 

H'{s) = -4in-2)j{s). 

Then, 

Q^a) = f (...) = (2(„ - 2) - 4(^)'{.))lti^^ (14) 

Similarly, for m < M such that f{s,a) is defined and increasing in [m, M], we define 

with 

H'{s) = -4in-2)^{s). 

Note that if (74) holds, then Q'{s,a) > for aU s G [m,M] and Q'{s,a) < for all 
s G [m,M]. 

Let now a and 5i be as in Lemma |4. 11 let ai, a2 G (a* — 5, a* + (5), with ai < and 
for j = 1 , 2 set 

tij(r) = u{r,aj), rj{s) = r{s,aj), and Qj{s) = Q{s,aj). 
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Let 

Ml, mi, be the i-th consecutive local maximum and minumum values of ui, 

and 

M2, 7712, be the i-th consecutive local maximum and minumum values of U2 

for r G [0, Tfe_i(a*) + a]. The behavior of the solutions for r > Tfc_i(Q*) will be studied 
separately. We have 

Proposition 4.1. Assume that f satisfies (/i)-(/2) o,nd (f!^), and let a* G Gk- Then, there 
exists 62,1 G {0,61), with 5i as in Lemma \4.1l such that for any ai, Q2 G {a* — 82,1,0* +62,1) 
with ai < a2 we have that if 

Ml < M2 and Qi(Mi) > (52(^2), 

then 

mi > 1712 and Qi{mi) > (52(^^2)- 

In order to prove this result we need a separation lemma, so for j = 1, 2 we consider the 
functional Wj defined below, introduced in |FLSj : 



W, is) = r, is) ^{u'^{r,{sW + 2F{s), s G [?n, , M,] , 

The functional Wj is well defined in this interval, since (^.(r))2 + 2F(uj(r)) > for r G 
[0,Tk-iia*) + a]. 

Lemma 4.2. Assume that f satisfies (/i)-(/2), and let a* G Gk- Let ai, 02 G (a* — 6i,a* + 
61) with ai < 02 iind 5i as in Lemma \4.1\ Assume that there exists U G [— /?,/?] such that 

ri{U)>r2{U) and Wi{U)<W2{U). (15) 

Then 

ri{s) > r2{s), Wi{s) < W2{s), for all s G [-/3, U]. 

Proof. Clearly, |7'^({7)| > |r2(f/)|, and thus ri > r2 in some small left neighborhood of U. 
Hence, there exists c G [— /3, U) such that 

Wi < W2, ri > r2, and r'l < r'2 in [c, U) . 

Next, we will show that Wi — W2 is increasing in [c,U). This will imply that the infimum 
of such c is — /3, proving the lemma. 
From the definition of Wj{s) we have 

dW,. . -2F{s) + {n-2){u'^{r,{s))f 
-is) - 



ds |n;.(r,-(.))|^^(r,(.)))2 + 2F(s)' 

As F{s) < for s G [— /?, /?], we have that the function 

-2F(s) (n - 2)p 

hip) = — ^ ' + / :, p>0, 

p^p' + 2F{s) + 2i^(«) 

is decreasing, and thus, for s G [c, C/), and using that |ii']^(ri(s))| < |'U2('^2(s))|> we obtain 

- ^) (^) = K\<{ri{s))\) - Ml4(^2(s))|) > 

as we claimed. 

□ 
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Proof of Proposition 14. IL First we note that since Q2 is strictly increasing, and Mi < 
M2, it holds that Qi{Mi) > Q2(Mi). 

Let M* denote the i-th maximum value of u{-,a*). Since u' (r(M* , a*), a*) = and 
4j(M*) > 0, by continuity there exists S2,i < Si such that for any ai, 02 G (a* — 52,i,a* + 
S2,i), we have 

4j{Mi) > -r2(Afi)n^(r2(Mi)), 

and hence 

4y(Mi)r2(Mi)4(r2(Mi)) + (r2(Mi))2(n^(r2(Mi)))2 < 0. 

Therefore, 

< (Qi-Q2)(Mi) 

= Aj{Mi)r2{Mi)u'^{r2{Mi)) + {r2{Mi)f{u'2{r2{Mi))f + 2F{Mi){rl - rl){Mi) 

< 2F{Mi){rl-rl){Mi), 
implying 

ri(Mi) <r2(Mi). 

From Lemma r4 . 1 1 there exists a greatest intersection point Uj of ri and r2 in [maxjmi, m2}, Mi\. 
Let us set 

[/ = min{-/3,f//}. 

We will show that 

(Qi - Q2){U) > 0, and /^(C/) < ^AU). (16) 

Fil F2I 

We distinguish the following cases according to the position of f//: 
Case 1. Ui G [/3,Mi]. We will prove first that 

TT-Xs) <^{s), for ah s G [Ui,Mi]. 
Fil r2l 

Indeed, since Ui{ri{Mi)) = 0, we have that this inequality holds for s = Mi. Assume now 
that there exists t G {Uj, Mi) such that 

rriis) < ^{s), for all s G (t. Ml) and -^(t) = ^(t). 
Fil F2I Fil F2I 

As 

7-(f^ - fn)W = fmr2\r'2\ - ri\r[m = /(t)^(t)(ri - rl){t) > 0, 

CIS I T""!^ I 1 7*2 1 ^1 

we obtain a contradiction. 



Assume next that there exists t G [/3, Uj) such that 
Then, from {f^ 



^(s) < f^(s), for all s G (t, Ml) and ^(t) = ^(t). 



(Qi - Q2ns) = 4(^(.) - ^(s)) ((f )'(^) - ^) < 0, . G {t, Ml] 
implying that 



> -2F{t){rl{t) - 4{t)) = {Qi - Q2){t) > {Qi - Q2){Mi) > 0, 
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a contradiction. We conclude that 

(Qi-Q2)(/3) > (Qi - Q2)(Afi) > 

implying 

p-{l3)<^{l3) and ri(/3) > r2(/3). 

Now we can use Lemma W?2\ with C/ = /3, to obtain that ri(— /3) > r2(— /3) and VKi(— /3) < 
VF2(-/3), implying dUD at [/ = -/3. 

Case 2. [// G In this case < W2{Ui) and ri{Ui) = r2([//), hence by Lemma 

1121 we conclude < VF2(-/3) implying that ^ holds. 

Case 3. Ui G [maxjjni, m2}, — In this case it is straightforward to verify that 

{Qi-Q2){Ui)>G, 

and hence in this case (|16p also holds. 

To end the proof, assume that there exists r G (maxjmi, 771-2}, U] such that 

P^As) < for aU s G (r, [/], 



and 



{Qi - Q2)'{s) = a(^(s) - ^As)) ((^){s) - ^) < 0, . G (r, U] 



Then, 
implying that 

> -2F{T){rl{T) - ri(r)) = (Qi - Q2){t) > (Qi - Q2)iU) > 0, 
a contradiction, and thus 

— r-(s) < 7- 7t(^)' ^ ^ [max{mi, 7712}, f/). 

Therefore, 

max{?7ii, 7712} = TTii, {Qi — Q2y {s) > 0, for all s £ [mi^U], 

which yields Qi{mi) > Q2("T'i)- Since Q2 increases and 7711 > 777,2, it follows that Qi (777,1) > 
Q2("^2); ending the proof of the proposition. □ 

Similarly we set 

777,1, ^1 the 7-th consecutive local minumum and maximum of 77i, 

and 

7772, ^2 the 7-th consecutive local minumum and maximum of U2, 

for r G [0,rfc„i(a*) +a]. 

We have the following result. 
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Proposition 4.2. Assume that f satisfies (/i)-(/2) and (/4), and let a* E Gk- Then, there 
exists 62,i G (0, 5i), with 5i as in Lemma\4^ such that for any ai, 02 £ (a* — 62,1, a* + 62,1) 
with ai < a2 we have that if 

fhi > 7712 and Oi(mi) > Q2{m2), 

then 

Ml < M2 and Qi{Mi) > (32(^2). 
Proof It follows from Proposition 14.11 considering v{r,aj) = —u(r,aj). □ 
Combining Propositions I4.l l and 14.2] we obtain the following result. 

Proposition 4.3. Assume that f satisfies (/i)-(/2) and (/4), and let a* G Gk- Let 6 = 

min{(52,i, ^2,j}) and let ai, 02 G (a* — 5,a* + 5). 

(i) If k is even, then the k-th extremal points Tk-i{ai) are minima, 

mi > 7712 and Qi{ini) > Q2{m2), 

where mi = Ui{Tk-i{ai)) . 

(ii) If k is odd, then the k-th extremal points T/c_i(aj) are maxima. 

Ml < M2 and Qi{Mi) > Q2{M2), 
where Mj = Ui{Tk-i{ai)) . 
Proof. As To(aj) = is the first extremal point of Uj, we have 

ui(To(q;i)) =ai <a2 = n2(To(a2))- 
Moreover, as Ui > (3, H is decreasing in [/?, 00) and therefore 

Qi(ai) = H{ai) > H{a2) = Q2{a2)- 
Hence, for the first extremal points, the assumption of Proposition 14.11 holds and thus, 

ui{Ti{ai)) > U2(Ti{a2)), and Qi{ui{Ti{ai))) > Q2{u2{Ti{a2))). 
Applying alternatively Proposition 14.21 and Proposition 14 . 1 1 we obtain the result. □ 

We proceed now to our final step. To this end, we may assume without loss of generality 
that k is odd, so that Tfc_i(aj) is a maximum point, and we fix 5 as given in Proposition 

Proposition 4.4. Assume that f satisfies (/i)-(/2) and {f!^), and let a* & Gk- Let ai, 02 G 

(a* — 5,a* + 5) with ai < a2- 
If ai G ^fc U Mk, then 02 G Mk, 

Zk{ai) > Zk{a2) and \u[{Zk{ai))\ < \u'^iZkia2))\- (17) 

If 02 G Gk, then ai & J^k- 

In order to prove this result we need the following separation lemma which can be found 
in [CGHYl Lemma 4.4.1]. Its proof is very similar to that of Lemma 14.21 and thus we omit 
it. Let 

Sj := inf{s G (Ukiaj), M,)) : ^(r.Cs))^ + 2F(s) > 0}, 
where Mj = Uj{Tk-i{aj)). We note that Sj = if and only if aj G Gk U A/fc- 
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Lemma 4.3. Assume that f satisfies (/i)-(/2); and let a* G Gk- Letai, 02 G {a* — 6,a*+5) 
with a\ < a2- Assume that there exists U £ [0, /3] such that 

ri{U) > r2{U) and Wi{U) < W2(C/). (18) 

Then, Si > S2 and 

ri{s) > r2(s), Wi{s) < W2{s), and \u[{ri{s))\ < \u'^{r2{s))\ s E [Si,U). 

Proof of Proposition 14.41 Let r/ denote the first intersection point of ui and U2 in 

{Tk^i{a*), Zk{a*)) guaranteed by Lemma HTT ii) and Uj = Uj{rf). Arguing as in the proof 
of Proposition 14. 11 cases 1 and 2, this time with U = min{/3, f//}, we obtain that (jlSp holds. 
Hence, by Lemma 14.31 we have Si > S2, 

ri{s) > r2(s), Wiis) < W^2(s), and |n;(ri(s))| < \u'^ir2is))\ for all s e [Si,U). 

If ai G Qk U A/fc, then 5i = implying ^2 = and 02 G Gk U A/fc. As Zk{ai) = ri(0) > 
r2(0) = Zfc(a2) and \u[{Zi:{ai))\ < [tig (-^a: (02))! we conclude that 02 G Afc. 

If a2 G ^fc, then S2 = 0. As \u2{Zi^{a2))\ = 0, we conclude that Si > implying 
ai G Tk- □ 

Proof of Theorem 11.11 . Let a* G Qk hence by Proposition 14.41 (a*, a* + 6) C Nk- Let 

a = supjo > Q* : (a*, a) C A4}- 

Assume a < 00. Since Vk and A/fc are open, we deduce that a G Qk- By Proposition 14.41 
(a — (5, a) C J-fc, a contradiction, and thus (a*, 00) C Mk- Hence, there exists at most one 
solution of ([1]) with exactly k — 1 sign changes in (0,oo). 

□ 

4.2. Proof of Theorem [Hal 

In what follows we use the ideas of Pucci, Serrin and Tang in |PuSl 1ST] . For s G 
(J7i(a), — /?] we set 

F r'^~^{s,a) r"-{s,a) 
7^'' r>{s,a) " {r'{s,a)y 
Then, 

P'is.a) = f = („ - 2 -J„(^)'M)rr^. (19) 

By (/4) it holds that P'(s,a) > for all s G {Ui{a), -13]. 

In this case we can prove the analogue of Proposition 14.11 but only for the first maximal 
and minimal points of ui and U2- Let now ai, 02 € {a* — 6,a* + 5), with ai < a2, and set 

Piis) = P{s,ai), P2{s) = P{s,a2), 

mi = ui{Ti{ai)), m2 = U2{Ti{a2)). 

We have 

Proposition 4.5. Assume that f satisfies (/i)-(/3) and {fi), or (/i)-(/2) and {f^)-{f&), 
and let a* G Qk- Let qi, Q2 G (a* — (5, a* + 5) with ai < a.2 ctnd 5 = 61 as in Lemma \4-1\ 
Then, 

mi > 777-2 and Pi{mi) > P2{m2)- (20) 



Pis,a) = -2n-{s)'-jj^ - - 2r"(., a)F(.). 
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In order to prove this result we need the following variations of lemma HT2| so for j = 1,2 
we consider the functional Wj defined below, 

W,{s) = r^-\s)^{u'^{r,{s))Y + 2F{s), s G K,a,]. 

From Lemma |4.H the solutions ui and U2 intersect at a first r/ > 0. Set Ui = ui{rj) = 
U2{ri). 

Lemma 4.4. Let f satisfy (/i)-(/3). Let ai, 02 S (a* —5, a* + 6) with ai < 02 and 5 = 61 
as in Lemma \4-1\ IfUjG [—f3,f3] then 

ri{s) > r2{s) and Wi{s) < ^2(5), for all s £ [-^, C//). 

Proof Clearly, |r^(C//)| > |?^2(^^)l' ^^^'^ thus ri > r2 in some small left neighborhood of Uj. 
Hence, there exists c E [— /3, U[) such that 

Wi < W2, ri > r2, and r[ < r'2 in [c, [//) . 

Next, we will show that W\ — W2 is increasing in [c, Uj). This will imply that the infimum 
of such c is — /3, proving the theorem. 
From the definition of W{s, a) we have 

dW , , 2(n-l)r"-2(s,a)F(s) 
-(s,a) - 



ds ' u'{r{s,a),a)y/{u'{r{s,a),a)y + 2F{s)' 
and thus, for s E [c,Ui), 

1 fdWi, , dW2, 



2{n — 1) V ds ds 

rr\s) rr\s) 



F{s) 



-u[{ri{s))y/{u[{ri{s)r + 2F{s) ^(r2(s)) VK(r2(s)))2 + 2F(.) 

> r:}~\s)\F{s)\( , ^ 

1 



K'2(^2(S))IVK(^2(«)))^ + 2F(.) 

> 0. 



□ 



For the case when / satisfies {f5)-{fe) we use [CGHYl Proposition 4.1.2]. Even though 
in this proposition we assumed / superlinear, this assumption is not used in the proof, so 
we state it here without proof. 

Lemma 4.5. Let f satisfy (/i)-(/2) and (/5)-(/6)- Then there exists 6 E (0,(5i] such that 
for all ai, 02 E (a* — 5, a* + 6) with ai < 0-2 it holds that 

n(s) > ^2(5) and W\{s) < W2{s), for all s E [-(3, Ubi), 

where Ubi = min{6, Ui}. 
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Proof of Proposition 14.51 We prove this proposition in the case that / satisfies (/i)-(/3) 
and (/4), the proof when / satisfies (/5)-(/6) fohows similarly by using Lemma [431 As in 
[EllET], we set 

Suis) = -^(s). 

Then 

S'^M = Si2{s)f{sW,{s)f - {r[{s)f). (21) 

Let 

[/ = min{-/3,C//}. 
We will prove first that mi > m2 and that for all s € [mi, U) we have 

5i2(s)<l, \r[{s)\>\r'^{s)\, ri(s) > r2(s). (22) 

If Ui > —/3 then U = —/3, and, from Lemma [4.4l and using that F{—/3) = 0, we have that 
5i2(C/) < 1 and ri{U) > r2(C/). Thus, \r[{U)\ > |r^(t/)|. On the other hand, if J7 = C//, we 
also have that Su{U) < 1 and \r[(U)\ > |r2(f/)|. 

From (i2T]l we have that 6*12 (s) is increasing as long as |r^(s)| > |?'2('5)l5 s < U. li 
(|22]) does not hold for all s G (max{mi,m2}, U), then at the largest point sq where it fails, 
we must have that |r^(so)| = ^2(^0)! and ri(so) > ^2(50) implying that <S'i2(so) > 1, a 
contradiction. Thus (I22p holds in (maxjmi, m2}, f/), and hence mi = max{mi,m2}. 

Next we prove that Pi > P2 in [mi, U]. From the definition of Pi and P2 we have 

(P P)(m - r "2 "1 \(U) I 2r^(U)( '^~'^^^ ^2""^(^) 



- ( \2 (^1 \2 ) 



,(r^)n 

On the other hand, from (74) and 



2 

•2 

12__n-2 



{U) > 0. 



-1 



{Pi - P2y{s) = (SMs) - 1) (n - 2 - 2n(^j)\s)y-^{s) < 0, 

implying that Pi > P2 in [mi,C/]. In particular. Pi (mi) > P2(mi). Now, since P2 > 0, we 
have that P2(mi) > P2(m2), and thus Pi (mi) > P2(m2), ending the proof of the proposition. 

□ 

The analogue of Lemma 14.31 for the case k = 2 can be found in [CGHYl Lemma 4.4.1], 
we state it below for the sake of completeness. Set 



W{s, a) = r{s, a)^y {u'{r{s, a), a))^ + 2P(s), s G [mi(a), S{a)), 

where 

Sj := sup{s G {mj, t/2(aj)) : {u'j{rj{s))f + 2P(s) > 0}. 

Lemma 4.6. Assume that f satisfies (/i)-(/3), and let a* G G2- Letai, 02 G {a* —6, a* +5) 
with a\ < a2- Assume that there exists U G [— /3, 0] such that 

ri{U) > r2{U) and Wi{U) < W2{U). (23) 

Then, 

Si < S2 
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and 

n(s)>f2(s), Wi{s)<W2{s), and u[{n{s)) < u'^{r2{s)) sG(C/,5i]. 
We define 



P'{s,a) = {n - 2 - 2n(^j^\s) 



F ^^^ f'^-^{s,a) _ f'^{s,a) 
f r'{s,a) {f'{s,a)f 

'F\' \ f^~^{s, a) 

j) ^'') f'is,a) ' (24) 

Sl2{s) = ^{S), 

S'i2is) = Su{s)f{s){{r',{s)f-{r[{s)f). 

Proposition 4.6. Assume that f satisfies (/i)-(/3) and (/4), and let a* G G2- Then there 
exists 5 > such that for ai, a2 € {a* — 6,a* + 6) with a\ < a2 it holds that: 
if ai G ^2 U 7V2, then a2 G ^f2, 

Z2{ai) > ^2(02) and \u[{Z2{ai))\ < \u2{Z2{a2))\, (25) 

and if 02 G G2, then a\ G /"2- 

Proof. Let m* denote the minimum value of u{-,a*). Since u'{r{m* ,a*),a*) = and 



-2n-j(m*) > 0, by continuity we may choose 6 G (0,(52) small enough so that 



F _ , _ 

-2ny(mi) > r2(mi)u2(r2(mi)), 

for all ai, a2 G (a* — 6,a* + 5) and hence 

- 2ny (mi)(f2(mi))"-in^(f2(mi)) - (f2(mi))"(4(f2(mi)))2 > 0. (26) 

On the other hand, from (|2Up in Proposition 14.51 we have that Pi(mi) > P2(?^2) and thus, 
using 7712 < rui and the fact that P2 decreases, we find that 

Pi(mi) = Pi(mi) > P2("i2) = -P2(m2) > P2("ii). 

Therefore, 

> (P2-A)(mi) 

= -2ny(mi)(f2(mi))-in^(f2(mi)) - (f2(mi))-(4(f2(mi)))2 
-2F{m,){f^-f^)imi) 

implying, by (p6]) . 

n("ii) < r2{^i)- 

We recall that from lemma HTTT ii) . there exists an intersection point in (ri(a;*), Z2(a*)). 
If fi denotes the first of such points and if Ui = ni(f/) = U2{rj), then Ui G (C/i(a*),0]. 
Let us set 

U = max{-/3,C7/}. 
We will show that U satisfies (1151) in Lemma 14.61 that is, 



ri{U) > f2{U), and Wi{U) < W2iU). (27) 
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We distinguish two cases: 
Case 1. Ui G [mi, — /?]. We will first prove 

-^{s) < -^{s) and Pi{s) > P2{s) for all s G [mi,C//]. (28) 

Observe first that 512(^,1) = and Si2{Ui) < 1. If there exists a point t G (?tii, Uj) such 
that 5i2(^) ~ 0, then f^(t) = ?^2(0 ^^'^ hence, from the definition of Uj, 

n-l 

Suit) = ^{t) < 1, 



r 
^2 

implying 5*12(5) < 1 for s G [mi,Uj]. 

On the other hand, from the second equation in (p^ . using that 5i2(s) < 1 and {f^), we 
obtain 

[Pi - P2y{s) = ((S12 - l)(n - 2 - 2n(^)')^)(.) > 0. 

Hence, for all s G (mi, Ui), Pi{s) - P2{s) > A (mi) - ^2(^1) > 
Next we will prove that 

ri{s) > f2(s), and "-^(s) < ^{s) for all s e {Ui, -/?]. (29) 
^1 1^2 

- T\ f2 - 

From the definition of f//, rrr < ^ f^/- Assume by contradiction that (I29p does not 
hold. Then, there exists a first point t G (C//, — /9) such that 

5-(t) = 5(*) and fi(s) > f2(s), for ah s G (C7/, t], 

implying 

From the definition of Pi and P21 we have that 

(A - i?P2)(t) = 2(Z)f2- - f5^)F(t) = 2fr2(^2 _ -2)^(^) ^ 

On the other hand, from (|28]) . we have that (Pi - P2){Ui) > 0. Since P2{m2) < and P2 
decreases in (m2, — /3), we have that P2{Ui) < 0. Hence, as D > 1, we conclude that 

(Pi - DP2)iUi) > 0. 

From the last equation in (j24p we obtain that S12 is increasing in {Ui,t) implying that 
'S'i2('S) < D. Finally, using (f^) we deduce 

(Pi-i?P2)'(s)= ((5i2-Z))(n-2-2n(y)')^)(s) >0 

for all s G {Ui,t) and thus 

{Pi - DP2){t) > 0, 

a contradiction. Hence, ([28|) follows, and, since F{—j3) = 0, also (j27|) . 
Case 2. [7/ G [-/3, 0). In this case U = Ui, and ([271) trivially holds. 
Hence, by Lemma HT6l we have 5*1 < S2, 

n(s) > r2(s), Wi{s) < W2is), and ti'i(ri(s)) < u^(r2(s)) for all s G iU,Si]. 
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If ai G 02 U7V2, then 5i = implying ^2 = and 02 G G2 U A/'2. As Z2{ai) = fi(0) > 
f2(0) = Z2{a2) and ui(Z2(ai)) < ti2(.^2(«2)) we conclude that 02 G A/'2. 

If a2 £ ^2i then S2 = 0. As 7/2(^2(02)) = 0, we conclude that 5i < implying ai £ ^2- 

□ 

Proof of Theorem 11.21 . Let a* G Q2 hence by Lemma IT6| {a*, a* + 6) C M2. Let 

Q = sup{a > a* : (a*, a) C A/'2}. 

Assume a < 00. Since 1^2 and A/'2 are open, we deduce that a G Q2- By Lemma [4.6^ 
(a — 5, a) C J^2i a contradiction, and thus (a*, 00) C M2- Hence, there exists at most one 
solution of ([I]) with exactly one sign change in (0,oo). 

□ 



5. The Dirichlet problem 

We begin this section by noting that under assumptions (/i)-(/3), there might be non 
uniqueness of the solutions to the Dirichlet problem ([2]) in some balls, that is, for some 
values of p > 0. Indeed, assume that in addition to (/i)-(/3), it holds that 

F(s) 

liminf^r^ = 0. (30) 

S— >CXD S 

Then the results in |FLS) hold, and in particular, there exists a ground state solution of ([1]). 
Let a* be the greatest initial value which gives rise to this solution. If the support of this 
solution is not compact, then for a > a* but close, it happens that a G A/i and Zi{a) — )• 00 
as a I a* . If the solution has compact support, then from Proposition 13.11 (ii), for a > a* 
but close enough, Zi{a) < Zi{a*). 

On the other hand, by denoting by r (/3, a) the first positive value of r at which u{r, a) = (3. 
Since F{u{r)) > for r G [0,r(/3,a)], we have that \u'{r)\ < ^/2F{a) for ah r G [0,r(/3,a)]. 
Hence, from the mean value theorem, there exists ^ G [0, r(/3, a)] such that 

^ = |u'«)l<s/2F( 

implying that 

a — 13 



a 



r(/3,a) > 



and thus, from ([30|) . there exists a sequence — )■ 00 as i — )• cxd such that r{(3, Ui) — )■ 00 as 
i — )• 00. From Proposition 13. 2^ r(/3,a) is increasing in a, and hence lim r(/3, a) = 00. This 

in turn implies that 



lim Zi{a) = 00, 

a— >oo 



and our claim follows. 



Let now / satisfy (fiyif^) and (74) (with /3 = 0). We claim that there cannot exist 
bound state solutions to ([T]) with a finite number of zeros. Indeed, we first observe that 
from condition {f^), it easily follows that for any sq > there exists a positive constant Cq 
such that 



f{s) > Cos for all s G (0, sq). 



(31) 



UNIQUENESS OF SIGN CHANGING SOLUTIONS 
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Now let u be a solution to ^ with, say, k zeros. Without loss of generality we may assume 
< u{r) < So for r large, hence u decreases for r > vq, vq large, and thus 

-r^'-^'ir) > f e-^f{u{t))dt > Co r f'-\{t)dt > Cr''u{r) 

Jr/2 Jr/2 

for all r > 2ro and some positive constant C . Hence 

ri >Cr, r> 2ro, 

u{r) 

and thus 

n(r) < Cie"'"' for all r > 2ro (32) 
and some positive constant Ci. Setting 

P{r) = -2ny(u(r))r"-in'(r) - r''{u'{r)f - 2r"F(n(r)), 

we have that 

P'{r) =(n-2- 2?i(yy(u(r)))r"- V(r)|2 < 0. 
Since -P(O) = 0, and thanks to (j32p and (/q), also lim P{r) = 0, we obtain a contradiction. 

r— >oo 

Hence, for / satisfying {f[)-{f^), we are led to study the uniqueness of solutions with a 
prescribed number of zeros to the Dirichlet problem 
Proof of Theorem 11.31 It is based on the following facts: 

(1) Proposition 13.11 for the case 6 = 0, that is, between two consecutive zeros of u' there 
is at least one zero of ip. 

(2) The identity 

(r"-i(t.V - ^'u))' = r^-'v{uf'{u) - f{u)) 

and condition (/g) say that there cannot be two zeros of if in {Zi{a), Zi^i{a)), and 

(3) We have that 

— Zi(a) = — > for all i. 
da w 

The details are left to the interested reader. 
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